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The electroelastic analysis of two bonded dissimilar piezoelectric ceramics with a crack perpendicular to and terminat-
ing at the interface is made. By using Fourier integral transform, the associated boundary value problem is reduced to a
singular integral equation with generalized Cauchy kernel, the solution of which is given in closed form. Results are pre-
sented for a permeable crack under anti-plane shear loading and in-plane electric loading. Obtained results indicate that
the electroelastic ﬁeld near the crack tip in the homogeneous piezoelectric ceramic is dominated by a traditional inverse
square-root singularity, while the electroelastic ﬁeld near the crack tip at the interface exhibits the singularity of power
law ra, r being distance from the interface crack tip and a depending on the material constants of a bi-piezoceramic.
In particular, electric ﬁeld has no singularity at the crack tip in a homogeneous solid, whereas it is singular around the
interface crack tip. Numerical results are given graphically to show the eﬀects of the material properties on the singularity
order and ﬁeld intensity factors.
 2006 Elsevier Ltd. All rights reserved.
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Due to the wide use of piezoelectric ceramics as sensors, actuators, and transducers in smart structures,
electric and elastic behaviors involving the structure integrity have been investigated intensively. Because of
the brittleness of piezoelectric ceramics, a minute crack or defect might give rise to fatal destruction of smart
structures when operating in an environment of high voltage or/and large mechanical loading. In order to pre-
vent failure of a cracked piezoelectric structure, a theoretical analysis of elastic and electric behaviors is pre-
requisite. Therefore, crack problems in piezoelectric ceramics have received increasing attention in recent years
(Pak, 1990, 1992; Suo et al., 1992; Sosa and Khutoryansky, 1996; Gao et al., 1997; Zhong and Meguid, 1997;0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.021
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X.-F. Li, B.-L. Wang / International Journal of Solids and Structures 44 (2007) 3796–3810 3797McMeeking, 1999; Chen and Shioya, 1999; Gao and Fan, 1999; Shindo et al., 2000; Ru, 2000; Wang et al.,
2000; Zhang et al., 2002; Yang and Lee, 2003; Li and Lee, 2004a,b; among others).
For piezoelectric ceramics, anti-plane shear cracks are a class of simple crack problems. This situation often
takes place when electric ﬁelds are applied perpendicular to the poling direction of a piezoelectric ceramic with
a crack penetrating through the piezoelectric solid along the poling direction. For such cracks, considerable
researches on analyses of electric and elastic behaviors have been made. For example, Pak (1990) and Zhang
and Tong (1996) gave a full ﬁeld solution induced by an anti-plane shear crack embedded in an inﬁnite pie-
zoelectric plane under the impermeable and permeable assumptions, respectively. Later, a piezoelectric strip
containing a central crack parallel to and perpendicular to the strip boundaries was treated, and numerical
results were obtained by Shindo et al. (1997, 1996), respectively. Furthermore, these problems were solved
in closed form by using the integral equation method in Li and Duan (2001) and Li (2002), respectively.
The electroelastic analysis of a rectangular sheet containing a crack subjected to anti-plane electromechanical
loadings has been made for a central crack by Kwon and Lee (2000), and for a crack at arbitrary position by
Li and Lee (2004c), respectively.
On the other hand, in engineering applications, cracks common occur at the interface of two bonded ceram-
ics. For such an anti-plane shear crack at the interface of a layered bi-material composed of a piezoelectric
material and a purely elastic orthotropic medium, the crack tip ﬁeld and ﬁeld intensity factors have been deter-
mined by Narita and Shindo (1999). Further electric and elastic analyses for anti-plane shear interface cracks
have been made for two bonded dissimilar piezoelectric ceramics (Li and Tang, 2003). The above-mentioned
papers are mainly related to a crack parallel to the interface. For the case of a crack perpendicular to the inter-
face, the problem becomes more complicated. A central crack embedded in a piezoelectric strip sandwiched by
two outer elastic dielectric has been dealt with in Kwon and Meguid (2002), and Li (2005). For a plane crack
terminating at the interface of two dissimilar piezoelectric ceramics, Qin and Yu (1997) employed Hilbert
problem to determine the order of singularity of electroelastic ﬁeld. However, for an anti-plane shear crack
terminating at the interface of two bonded piezoelectric ceramics, related studies are absent to the best of
the author’s knowledge. It is worth noting that for two jointed purely elastic media with an anti-plane shear
crack terminating at the interface, this situation has been analyzed by Cook and Erdogan (1972), and Erdogan
and Cook (1974).
In this paper, an anti-plane shear crack perpendicular to and terminating at the interface of a bi-material is
analyzed. By using Fourier integral transform, the associated boundary value problem is transformed to a sin-
gular integral equation with generalized Cauchy kernel. The solution of the problem is given in closed form.2. Formulation of the problem
2.1. Basic equations
In the present study, we consider anti-plane shear problems; so the components of elastic displacement u
and v along the x- and y-axes vanish, and there are only out-of-plane elastic displacement w and in-plane elec-
tric potential /, which, in the framework of the theory of linear piezoelectricity, satisfy the basic governing
diﬀerential equationsc44r2wþ e15r2/ ¼ 0; ð1Þ
e15r2w e11r2/ ¼ 0; ð2Þwhere c44,e15, and e11 are the elastic stiﬀness measured in a constant electric ﬁeld, the piezoelectric constant,
and the dielectric permittivity measured at a uniform strain, respectively, and $2 represents the two-dimen-
sional Laplacian operator. Here, we neglect body forces and free charges in piezoelectric ceramics.
Furthermore, the components of strain and electric ﬁeld can be expressed in terms of w(x,y) and /(x,y) bycxz ¼
ow
ox
; cyz ¼
ow
oy
; ð3Þ
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o/
oy
: ð4ÞMoreover, the components of anti-plane shear stress and in-plane electric displacement obey the following
constitutive equationssxz ¼ c44cxz  e15Ex; syz ¼ c44cyz  e15Ey ; ð5Þ
Dx ¼ e15cxz þ e11Ex; Dy ¼ e15cyz þ e11Ey : ð6Þ2.2. Boundary conditions
Consider a crack terminating at the interface of two bonded dissimilar piezoelectric ceramics polarized by
the z-direction. For convenience, we denote the piezoelectric ceramics occupying the right and left half-planes,
xP 0 and x 6 0, as piezoceramics I and II, respectively shown in Fig. 1. Let a crack be perpendicular to the
interface and be situated at [0,a] (0 < a) in the positive x-direction, i.e. in piezoceramic I.
For an anti-plane shear crack having no thickness, the crack surfaces contact each other; so the crack is
electrically contacted. Consequently, the electric boundary conditions at the crack surfaces can be described
according to the so-called permeable conditions, viz.Dðx; 0þÞ ¼ Dðx; 0Þ; /ðx; 0þÞ ¼ /ðx; 0Þ: ð7Þ
Note that besides the crack surfaces, the above conditions, in fact, certainly hold at the crack-absent parts of
the crack plane.
Let constant mechanical loads and uniform electric ﬁelds be applied at inﬁnitysIyzðx; yÞ ¼ sI0; EIyðx; yÞ ¼ EI0; x > 0; y ! 1; ð8Þ
sIIyzðx; yÞ ¼ sII0 ; EIIy ðx; yÞ ¼ EII0 ; x < 0; y ! 1; ð9Þwhere sI0ðsII0 Þ, E I0 ðEII0 Þ are prescribed constants, a quantity with superscribes I or II speciﬁes the one in the piez-
oceramic I or II, respectively. In addition, the crack surfaces are traction-free, i.e.sIyzðx; yÞ ¼ 0; 0 < x < a; ð10Þ
and owing to the symmetry one can directly write the following conditionswIðx; 0Þ ¼ 0; x > a; ð11Þ
wIIðx; 0Þ ¼ 0; x < 0: ð12ÞFig. 1. Two bonded dissimilar piezoelectric ceramics with a crack perpendicular to and terminating at the interface.
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crossing the interface of a bi-piezoceramic, elastic displacement and stress, electric potential and electric dis-
placement are continuouswIð0; yÞ ¼ wIIð0; yÞ; sIxzð0; yÞ ¼ sIIxzð0; yÞ; 1 < y <1; ð13Þ
/Ið0; yÞ ¼ /IIð0; yÞ; DIxð0; yÞ ¼ DIIx ð0; yÞ; 1 < y <1: ð14Þ3. Procedure of solution
From the symmetry of the problem, it is suﬃcient to consider the upper half-plane of the bi-ceramic. Con-
sequently, for yP 0 it is easily found that an appropriate solution of the problem takes of the formwIðx; yÞ
/Iðx; yÞ
 
¼ A0
B0
 
y þ
Z 1
0
A1ðnÞ
B1ðnÞ
 
eyn cos nxþ A2ðnÞ
B2ðnÞ
 
enx sin ny
 
dn; xP 0; ð15Þ
wIIðx; yÞ
/IIðx; yÞ
 
¼ C0
D0
 
y þ
Z 1
0
C1ðnÞ
D1ðnÞ
 
eyn cos nxþ C2ðnÞ
D2ðnÞ
 
enx sin ny
 
dn; x 6 0; ð16Þwhere Aj,Bj,Cj, and Dj(j = 1,2,3) are unknowns to be determined from given boundary conditions. Further-
more, with the aid of the constitutive equations one can give the components of stress and electric displace-
ment as follows:sIxzðx; yÞ
DIxðx; yÞ
" #
¼ MI
Z 1
0
A1ðnÞ
B1ðnÞ
 
eyn sin nxþ A2ðnÞ
B2ðnÞ
 
enx sin ny
 
ndn; ð17Þ
sIyzðx; yÞ
DIyðx; yÞ
" #
¼MI
A0
B0
 
MI
Z 1
0
A1ðnÞ
B1ðnÞ
 
eyn cos nx A2ðnÞ
B2ðnÞ
 
enx cos ny
 
ndn; ð18Þfor xP 0, andsIIxzðx; yÞ
DIIx ðx; yÞ
" #
¼ MII
Z 1
0
C1ðnÞ
D1ðnÞ
 
eyn sin nx C2ðnÞ
D2ðnÞ
 
enx sin ny
 
ndn; ð19Þ
sIIyzðx; yÞ
DIIy ðx; yÞ
" #
¼MII
C0
D0
 
MII
Z 1
0
C1ðnÞ
D1ðnÞ
 
eyn cos nx C2ðnÞD2ðnÞ½ enx cos ny
 
ndn; ð20Þfor x 6 0, whereMJ ¼
cJ44 e
J
15
eJ15 eJ11
" #
; J ¼ I; II: ð21ÞIn what follows the involved unknowns are not solved directly. Instead, these unknowns will be eliminated
from the given boundary conditions and a relevant integral equation can be derived. To this end, using the
properties of the Fourier integrals, from the expressions (18) and (20) for stress and electric displacement,
application of the remote boundary conditions in (8) and (9) leads toA0
B0
 
¼ s
I
0 þ eI15EI0
 
cI44
EI0
" #
; ð22Þ
C0
D0
 
¼ s
II
0 þ eII15EII0
 
cII44
EII0
" #
: ð23ÞNow, application of the continuity conditions (13) and (14) at the interface x = 0 to Eqs. (15) and (16), (17)
and (19) yields
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cI44
¼ s
II
0 þ eII15EII0
cII44
; ð24Þ
EI0 ¼ EII0 ; ð25Þ
and Z 1
0
A1ðnÞ
B1ðnÞ
 
 C1ðnÞ
D1ðnÞ
  
eyn dn ¼ 
Z 1
0
A2ðnÞ
B2ðnÞ
 
 C2ðnÞD2ðnÞ½ 
 
sin ny dn; ð26Þ
MI A2ðnÞB2ðnÞ½  ¼ MII
C2ðnÞ
D2ðnÞ
 
: ð27ÞHere, the ﬁrst two equations, i.e. (24) and (25), give two constraints for applied remote electromechanical
loadings, and the last two, i.e. (26) and (27), give the constraints with respect to unknown functions. In other
words, in order to guarantee the continuity of all physical quantities at the perfectly bonded interface, applied
electromechanical loadings must obey the relations (24) and (25). In fact, these results are more obvious in the
absence of the crack since in this case, the relations (15)–(20) reduce to those free of the integrals. Consequent-
ly, A0y = C0y and B0y = D0y follow from (13) and (14). Due to the presence of the crack, the continuity of the
electroelastic ﬁeld at the bonded interface further requires that the disturbed ﬁeld must satisfy (26) and (27).
In view of the electrically permeable assumption (7), from (15) and (16) one readily ﬁndsB1ðnÞ ¼ D1ðnÞ ¼ 0: ð28Þ
Similarly, from (12) along with (16) one getsC1ðnÞ ¼ 0: ð29Þ
Keeping the above results in mind and performing the Fourier sine transform to Eq. (26) we haveA2ðnÞ
B2ðnÞ
 
 C2ðnÞ
D2ðnÞ
 
¼  2
p
Z 1
0
A1ðgÞ
0
 
n
n2 þ g2 dg; ð30Þwhich in connection with (27) yieldsA2ðnÞ ¼  2p
cII44 e
I
11 þ eII11
 þ eII15 eI15 þ eII15 
cI44 þ cII44ð Þ eI11 þ eII11ð Þ þ eI15 þ eII15ð Þ2
Z 1
0
n
n2 þ g2 A1ðgÞdg; ð31Þ
B2ðnÞ ¼  2p
cII44e
I
15  cI44eII15
c I44 þ cII44ð Þ e I11 þ eII11ð Þ þ eI15 þ e II15ð Þ2
Z 1
0
n
n2 þ g2 A1ðgÞdg; ð32Þ
C2ðnÞ ¼ 2p
cI44 e
I
11 þ eII11
 þ eI15 eI15 þ eII15 
cI44 þ cII44ð Þ eI11 þ eII11ð Þ þ eI15 þ eII15ð Þ2
Z 1
0
n
n2 þ g2 A1ðgÞdg; ð33Þ
D2ðnÞ ¼ 2p
cI44e
II
15  cII44eI15
ðcI44 þ cII44ÞðeI11 þ eII11Þ þ eI15 þ eII15ð Þ2
Z 1
0
n
n2 þ g2 A1ðgÞdg; ð34Þwhere in the above derivation we have used the following equalityZ 1
0
eyg sin ny dy ¼ n
n2 þ g2 : ð35ÞNext, we denotegðxÞ ¼ ow
Iðx; 0þÞ
ox
: ð36ÞFrom the boundary conditions (11) and (12), g(x) should satisfy the single-value displacement constraint con-
dition, i.e.,
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0
gðxÞdx ¼ 0: ð37ÞMeanwhile, utilizing (11) in (15) leads toZ 1
0
A1ðnÞ cos nxdn ¼ 0; x > a; ð38Þfrom which together with (36), by use of the inverse Fourier transform,A1ðnÞ ¼  2pn
Z a
0
gðtÞ sin ntdt ð39Þcan be deduced.
Remembering (37) and the following resultZ 1
0
sin gt
ðg2 þ n2Þg dg ¼
pð1 entÞ
2n2
; ð40Þwe ﬁndZ 1
0
n
n2 þ g2 A1ðgÞdg ¼
Z a
0
ent
n
gðtÞdt; ð41ÞConsequently, substitution of the above-obtained result into (31) yields an expression for A2(n) in terms of
g(x). Then, thanks to traction-free condition, from (18) one can deriveZ 1
0
A1ðnÞ cos nx A2ðnÞenx
	 

ndn ¼ s
I
0
cI44
; 0 < x < a; ð42Þwith the help of known integrals,2
p
Z 1
0
sin nt cos nxdn ¼ 1
p
1
t  xþ
1
t þ x
 
; ð43Þ
Z 1
0
ent dn ¼ 1
t
; t > 0; ð44Þby substituting (39) along with (41) into Eq. (42), after some algebraic manipulations, ﬁnally we get a singular
integral equation with generalized Cauchy kernel for g(t) as follows:1
p
Z a
0
1
t  xþ
k
t þ x
 
gðtÞdt ¼  s
I
0
cI44
; 0 < x < a; ð45Þwherek ¼ 1 2 c
II
44ðeI11 þ eII11Þ þ eII15ðeI15 þ e II15 Þ
ðcI44 þ cII44ÞðeI11 þ eII11Þ þ ðeI15 þ e II15 Þ2
¼ ðc
I
44  cII44Þðe I11 þ eII11Þ þ ðeI15Þ2  ðe II15 Þ2
ðcI44 þ cII44Þðe I11 þ eII11Þ þ ðeI15 þ e II15 Þ2
: ð46ÞIt is noted that in a usual singular integral equation with Cauchy kernel, other kernels except Cauchy kernel
are continuous over the entire interval involved. Diﬀerent from the classical Cauchy kernel, for the generalized
Cauchy kernel in Eq. (45), in addition to the singularity of the Cauchy-kernel term 1/(t-x) as t! x in Eq. (45),
the other term k/(t + x) in Eq. (45) is also unbounded as t,x! 0 simultaneously.
Particularly, for two elastic dielectrics, meaning e15 = 0, elastic ﬁeld and electric ﬁeld do not coupled. In this
case, k reduces tok ¼ c
I
44  cII44
cI44 þ cII44
; ð47Þand the above-derived equation simpliﬁes to
Table
Releva
BaTiO
PZT-5
PZT-4
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p
Z a
0
1
t  xþ
k
t þ x
 
gðtÞdt ¼  s
I
0
cI44
; 0 < x < a; ð48Þwhich is equivalent to that derived by Cook and Erdogan (1972), and Erdogan and Cook (1974), who adopted
a completely diﬀerent approach to solve the problem of two bonded dissimilar purely elastic media with an
anti-plane shear crack perpendicular to and terminating at the interface.
4. Electroelastic ﬁeld
4.1. Solution of the singular integral equation
Prior to the presentation of the solution of Eq. (45), it is necessary to observe the range of k, which is inti-
mately related to the order of singularity. Because of the fact that for almost two dissimilar piezoelectric
ceramics,cJ44 e
I
11 þ eII11
 þ eJ15 eI15 þ eII15  > 0; J ¼ I; II ð49Þ
seems to hold, this means |k| < 1. If the poling directions of two piezoelectric ceramics are parallel, the relation
(49) is evident, while if they are anti-parallel or opposite, this case becomes somewhat complicated. For exam-
ple, we take J = I, and (49) reduces to cI44e
I
11 þ cI44eII11 þ ðe I15Þ2 þ eI15eII15: All four terms possess the same order in
magnitude, and only the last term is negative for two piezoelectric ceramics with the opposite poling direc-
tions. The sum of all four terms is therefore positive for common commercially available piezoelectric ceram-
ics. The result is similar when taking J = II. It is interesting to note that there indeed exist some theoretical
values of eII15 such that c
I
44e
I
11 þ cI44eII11 þ ðe I15Þ2 þ eI15eII15 6 0: However, such values do not lie in the range of
the piezoelectric constants of available piezoelectric ceramics. In what follows, we take three commercially
available piezoelectric ceramics, BaTiO3, PZT-5H and PZT-4, as representatives, the relevant material con-
stants of which are listed in Table 1. We calculated the values of k associated with all possible combinations
of the above three ceramics, and the corresponding results are tabulated in Table 2. Clearly, all values of k lie
in (1,1). Therefore, in what follows |k| < 1 is assumed.
Under such a circumstance, based on the results derived by Bueckner (1966), the desired solution g(t) of Eq.
(45) subjected to (37) can be obtained as follows:gðxÞ ¼  1
2 sinðpa=2Þ
 s
I
0
cI44
x
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 a aaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p þ 1
 
þ x
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 a aaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p  1
  
; ð50Þfor 0 < x < a, withcosðpaÞ ¼ k; ð51Þ
where 0 < a < 1.
4.2. Crack opening displacement
Once g(t) is determined, the crack opening displacement (or crack tearing displacement) can be obtained by
integration. This can be done by integrating (50) with respect to x. In view of (36), one can give an explicit
expression for the half of the crack opening displacement wI(x, 0+)1
nt material properties
c44(·109N/m2) e15 (C/m) e11(·1010 F/m) kð¼ e15= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44e11p Þ
3 44 11.4 128 0.480
H 35.3 27 151 0.736
25.6 13.44 60 1.084
Table 2
Values of k for two bonded piezoceramics
Material II Material I
BaTiOþ3 BaTiO

3 PZT-5H
+ PZT-5H PZT-4+ PZT-4
BaTiOþ3 0 0 0.028 0.037 0.153 0.225
BaTiO3 0 0 0.037 0.028 0.225 0.153
PZT-5H+ 0.028 0.037 0 0 0.142 0.241
PZT-5H 0.037 0.028 0 0 0.241 0.142
PZT-4+ 0.153 0.225 0.142 0.241 0 0
PZT-4 0.225 0.153 0.241 0.142 0 0
Remark: + or denote ceramics poled parallel to or anti-parallel to the z-axis, receptively.
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2 sinðpa=2Þ
s I0
c I44
x
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 a
 x
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 a 
; 0 6 x 6 a: ð52ÞUsing this solution, for several typical values of a, the proﬁles of wI(x, 0+) are displayed in Fig. 2.
In particular, expanding the above analytical expression near the right crack tip yields the asymptotic crack
opening displacement aswIðx; 0Þ ¼ a
sinðpa=2Þ
s I0
cI44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2aða xÞ
p
þ OðrÞ; r ¼ a x ’ 0; ð53Þwhere O(r) denotes inﬁnitesimal terms compared to r, r being the distance from this tip. This indicates that
wI(x, 0) behaves like r1/2, which is in agreement with the well-known result, and the intensity, however, is
dependent on the material properties of two bonded piezoelectric ceramics. As for the left crack tip at the
interface, from the above analytical expression, we get the asymptotic ﬁeld aswIðx; 0Þ ¼ a
a
2 sinðpa=2Þ
sI0
cI44
x1a þ OðrÞ; r ¼ x ’ 0; ð54ÞHere, we ﬁnd that diﬀering from the behavior at the right crack tip, the behavior of wI(x, 0) at the left interface
crack tip is dominated by r1a, not r1/2. Only for a = 1/2, the behaviors of the crack opening displacement for
both crack tips are the same.4.3. Asymptotic crack-tip ﬁeld
With the obtained solution, we can give explicit expressions for all physical quantities of interest. For exam-
ple, anti-plane shear stress and in-plane electric displacement may be deduced by evaluatingFig. 2. The proﬁles of the crack opening displacement for several diﬀerent values of a.
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DIyðx; 0Þ
" #
¼ 1
p
MI
Z a
0
1
t  xþ
k
t þ x
 
gðtÞ
0
 
dt; ð55Þfor x > a, andsIIyzðx; 0Þ
DIIy ðx; 0Þ
" #
¼MII
C0
D0
 
þ 2
p
M1I þM1II
 1 Z a
0
1
t  x
gðtÞ
0
 
dt; ð56Þfor x < 0.
On the other hand, of much signiﬁcance is the singular ﬁeld distribution around the crack tips from the view
point of fracture mechanics; so in what follows we omit analytical expressions and pay our attention to the
asymptotic crack-tip ﬁeld. To this end, from (50), one can write out the singular behavior of the function
g(x) near x = 0 and x = a by the following asymptotic expressionsgðxÞ ¼  a
2 sinðpa=2Þ
s I0
cI44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a
a x
r
þ Oð1Þ; x ’ a 0; ð57Þ
gðxÞ ¼  ða 1Þ
2 sinðpa=2Þ
s I0
cI44
2ða xÞ
x
 a
þ Oð1Þ; x ’ 0þ 0; ð58Þwhere O(1) stands for nonsingular terms.
Now deﬁne the intensity factor at the right crack tip in the homogeneous solid and the left crack tip at the
interface of a bi-medium asKqhom ¼ lim
x!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p
qIðx; 0þÞ; ð59Þ
Kqint ¼ limx!0ð2pxÞ
aqIIðx; 0þÞ; ð60Þrespectively, where q stands for one of syz,cyz,Dy and Ey.
4.3.1. Electroelastic ﬁeld near the crack tip in the homogeneous piezoelectric ceramic
First, to derive electroelastic ﬁeld near the right crack tip, by a straightforward calculation we ﬁnd1
p
Z a
0
1
ðt  xÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa tp dt ¼  2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx ap tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
x a
r
; x > a: ð61ÞBearing (61) in mind and inserting (57) into (55), we get the following asymptotic expressions for the anti-
plane shear stress and in-plane electric displacement ahead of the right crack tip lying in the right homoge-
neous piezoceramic half-planesIyzðx; 0Þ
DIyðx; 0Þ
" #
¼ 1
p
MI
Z a
0
1
t  x
gðtÞ
0
 
dt þ Oð1Þ ¼ 1
eI15=c
I
44
 
Kshomﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞp þ Oð1Þ; x ’ aþ 0: ð62ÞwithKshom ¼
a
sinðpa=2Þ s
I
0
ﬃﬃﬃﬃﬃ
pa
p
; ð63Þwhere Kshom is the stress intensity factors at the right crack tip.
Furthermore, after some derivations, other ﬁeld intensity factors can also be obtained. Moreover, they are
related to Kshom byKDhom ¼
eI15
cI44
Kshom; K
c
hom ¼
1
cI44
Kshom; K
E
hom ¼ 0: ð64ÞFrom the above, we make some observations. For the crack tip in the homogeneous piezoelectric half-plane,
the electric stress, strain and elastic displacement still exhibit a traditional inverse square-root singularity at
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Kwon and Lee, 2000; Li and Lee, 2004a, etc.). However, the stress intensity factor depends on the material
properties of two piezoelectric ceramics involved, and no longer independent of the material properties, since
a is governed by (51).
4.3.2. Electroelastic ﬁeld near the crack tip at the interface
Next, we turn our attention to the left crack tip at the interface of two bonded dissimilar piezoceramics. In
this case, recalling the known result (Tricomi, 1985)1
p
Z a
0
1
t  x
a t
t
 a
dt ¼ 1
sin pa
x a
x
 a
 1
h i
; x < 0; ð65Þputting (58) into (56), we obtain the asymptotic expressions for the anti-plane shear stress and in-plane electric
displacement ahead of the left crack tip at the interface as followssIIyzðx; 0Þ
DIIy ðx; 0Þ
 
¼MII C0D0
 
þ 2
p
M1I þM1II
 1 Z a
0
1
t  x
gðtÞ
0
 
dt
¼ ð2aÞ
a
ðxÞa
1 a
sinðpaÞ sinðpa=2ÞcI44
M1I þM1II
 1 1
0
 
sI0 þ Oð1Þ; x ’ 0 0: ð66ÞBased on the deﬁnition (60), in this case the stress intensity factor is given byKsint ¼
1 a
sinðpaÞ sinðpa=2Þ
cI44 c
II
44 e
II
11 þ eII15
 2h iþ cII44 cI44eI11 þ eI15 2h i
cI44 c
I
44 þ cII44ð Þ e I11 þ eII11ð Þ þ eI15 þ e II15ð Þ2
h i sI0 4pað Þa: ð67Þ
As a check, if letting two piezoelectric ceramics be identical, in this case a = 1/2, which is substituted into (67),
leading toKsint ¼ Kshom ¼ sI0
ﬃﬃﬃﬃﬃ
pa
2
r
; ð68Þwhich is just what we expected, since in this case a/2 is just equal to the half of the crack length.
Similarly, other ﬁeld intensity factors can be derived, and they areKDint ¼
1 a
sinðpaÞ sinðpa=2Þ
eI15 c
II
44e
II
11 þ eII15
 2h iþ eII15 cI44eI11 þ eI15 2h i
cI44 c
I
44 þ cII44ð Þ eI11 þ eII11ð Þ þ eI15 þ eII15ð Þ2
h i sI0ð4paÞa; ð69Þ
Kcint ¼
1 a
sinðpaÞ sinðpa=2Þ
cI44 e
I
11 þ eII11
 þ eI15 e I15 þ eII15 
cI44 c
I
44 þ cII44ð Þ eI11 þ eII11ð Þ þ e I15 þ eII15ð Þ2
h i sI0ð4paÞa; ð70Þ
KEint ¼
1 a
sinðpaÞ sinðpa=2Þ
cI44e
II
15  c II44 eI15
cI44 c
I
44 þ cII44ð Þ e I11 þ eII11ð Þ þ eI15 þ e II15ð Þ2
h i sI0ð4paÞa: ð71Þ
By comparing the above with (63) and (64), we ﬁnd that the singularity near the interface crack tip no
longer remains the traditional inverse square-root singularity, but exhibits a singularity of power law a
(0 < a < 1). This type of singularity also occurs for an anti-plane shear crack terminating at the interface
of two purely elastic media (Cook and Erdogan, 1972; Erdogan and Cook, 1974), and for a plane crack
terminating at the interface of two jointed piezoelectric materials (Qin and Yu, 1997). Here, not only the
stress, strain and electric displacement but also electric ﬁeld are dominated by ra. Moreover, each
intensity factor is related to the material constants of two bonded piezoelectric ceramics. Particularly,
for two identical piezoelectric ceramics, KEint reduces to 0, coinciding with that at the right crack tip. This
turns out a signiﬁcant diﬀerence for a crack with the tips lying in the homogeneous piezoelectric solid and
terminating at the interface.
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In studying the stability of a crack in piezoelectric ceramics, the ﬁeld intensity factors are of signiﬁcance. In
this section, several examples are given to illustrate the eﬀects of material properties on the ﬁeld intensity fac-
tor and the order of singularity.
5.1. Eﬀect of material constants on the singularity order
From (63) and (64), one can know that the inverse square-root singularity is always retained at the right
crack tip embedded in the homogeneous piezoelectric ceramic, and only the corresponding ﬁeld intensity fac-
tors are aﬀected by the relevant material constants. In contrast, from (67), (69)–(71) both the singularity order
and intensity near the interface crack tip are inﬂuenced by the material constants of two ceramics. Therefore,
we ﬁrst examine the eﬀects of material constants on k as well as a, a being the singularity order.
In order to understand the inﬂuence of individual material constants, it is assumed that BaTiO3 occupies
the right half-plane, and a ﬁctitious material occupies the left half-plane with material constants
cII44 ¼ qccI44; e II15 ¼ qeeI15; eII11 ¼ qeeI11: Fig. 3 shows the eﬀects of varying elastic stiﬀness qc on k and a with
unchanged piezoelectric and dielectric constants qe = qe = 1. From Fig. 3, it is seen that when qc = 1, we have
k = 0 and a = 0.5, meaning that for two identical piezoelectric ceramics, the singularity at the two crack tips is
the same, i.e., the inverse square-root singularity. Furthermore, if c II44 > c
I
44 (i.e. qc > 1), the values of k are less
than zero, and so the singularity order at the interface crack tip is lower than 1/2-order, while cII44 < c
I
44 (i.e.
qc < 1), the values of k are larger than zero, and so the singularity order at the interface crack tip is greater
than 1/2-order. Fig. 4 displays the variation of k and a with the ratio qe of eII15 to e
I
15. From Fig. 4, we can
see that when qe = 1 or 1, k = 0 and a = 1/2. This is to say that for two bonded piezoelectric ceramics poled
in the same or opposite directions, the ﬁeld singularity at the interface crack tip maintains the inverse square-
root singularity. For |qe| < 1, the singularity order increases slightly, whereas for |qe| > 1, the singularity order
deceases. In theory, only if eII15 of piezoceramic II poled in the direction opposite to piezoceramic I is larger
enough, the singularity possibly disappears. Or rather, the selection of eII15 violates (49), then the electroelastic
ﬁeld near the interface crack tip is dominated by either a logarithmic singularity or bounded (no singularity),
which is beyond the scope of this paper. In fact, this situation seems to unlikely take place for realistic piezo-
electric ceramics. For qe varying and others unchanged, from (46) it is easily found that k = 0 and a = 0.5. In
other words, only changing qe and qc = qe = 1, the singularity at the interface crack tip does not change.
5.2. Eﬀect of material constants on the ﬁeld intensity factors
In addition to the inﬂuence of the material constants on the order of singularity, they also aﬀect the ﬁeld
intensity factors. Figs. 5 and 6 are devoted to the variation of normalized stress intensify factors kshom and k
s
int;
deﬁned byFig. 3. Eﬀects of qc on k and a with qe = qe = 1.
Fig. 4. Eﬀects of qe on k and a with qc = qe = 1.
Fig. 5. Normalized stress intensity factors as a function of qc with qe = qe = 1.
Fig. 6. Normalized stress intensity factors as a function of qe with qc = qe = 1.
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Kshom
sI0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa=2
p ; ksint ¼ Ksints I0 ðpa=2Þa ; ð72Þ
against qc,qe, respectively. From Fig. 5, one can observe that the eﬀect of qc on k
s
int is more evident than that
on kshom. Moreover, with qc increased, k
s
int rises abruptly, and k
s
hom falls down slightly. For qc < 1, meaning that
Fig. 7. Variation of kc,kD and kE against qc with qe = qe = 1.
Fig. 8. Variation of kc,kD and kE against qe with qc = qe = 1.
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s
int: Conversely,
for qc > 1, meaning that piezoelectric ceramic II is stiﬀer than piezoelectric ceramic I, in this case k
s
hom < k
s
int:
Similarly, we present kshom and k
s
int as a function of qe in Fig. 6. Also the variation of qe aﬀects strongly k
s
int, and
almost does not aﬀect kshom. Precisely, when qc runs from 5 to 5, the values of kshom are close to 1. However,
ks int declines from 5.029 to 0.993, reaching its minimum at qe  0.65, then rises to 1.837. Here, qe < 0 indicates
that two piezoelectric ceramics are poled along the opposite directions. Especially, two curves intersect at
qe = 1, inferring that the stress intensity factors are the same at two crack tips for two identical piezoelectric
ceramics.
For other ﬁeld intensity factors, we also demonstrate the dependence of normalized ﬁeld intensity factors at
the interface crack tip on qc and qe in Figs. 7 and 8, respectively, where the normalized intensity factors of
strain, electric displacement, and electric ﬁeld at the interface crack tip are deﬁned bykcint ¼
cI44K
c
int
sI0ðpa=2Þa
; kDint ¼
cI44K
D
int
eI15s
I
0ðpa=2Þa
; kEint ¼
c I44e
I
11K
E
int
eI15s
I
0 ðpa=2Þa
; ð73Þrespectively. From Fig. 7, as qc is increased k
c
int and k
E
int decrease, and k
D
int; however, increases. In particular, in
this case, kEint is not equal to zero unless qc = 1, inferring that the singularity of the electric ﬁeld near the inter-
face crack tip is present for two dissimilar piezoelectric ceramics, and disappears for two identical piezoelectric
ceramics. Actually, from (71) one ﬁnds that kEint ¼ 0 occurs only when cI44=cII44 ¼ eI15=e II15 : This feature is no
longer true for kcint and k
D
int along with k
s
int. That is, for arbitrary combined cases of two piezoelectric ceramics,
X.-F. Li, B.-L. Wang / International Journal of Solids and Structures 44 (2007) 3796–3810 3809they are always present, implying that elastic behaviors as well as electric displacement ﬁeld are singular,
behaving like ra, r being the distance from the interface crack tip. In Fig. 8, we ﬁnd that qe has a strong inﬂu-
ence on kEint and k
D
int, and a weak inﬂuence on k
c
int: Moreover, k
c
int arrives at its maximum at qe = 0, and k
D
int
arrives at its minimum at about qe = 2.7. As qe > 2.7, kDint rises. As for kEint; it always monotonically as-
cends irrespective of positive or negative qe. It is worth noting that when qe = 1, k
c
int ¼ kDint ¼ 1and kEint ¼ 0;
as expected.
6. Conclusions
A bi-piezoceramic containing a crack perpendicular to and terminating at the interface is considered. The
crack is assumed to be electrically permeable. Under applied electric and mechanical loading, electric and elas-
tic behaviors near both crack tips are obtained. The results indicate that electroelastic ﬁeld near the crack tip in
a homogeneous piezoelectric ceramic exhibits a traditional inverse square-root singularity, while electroelastic
ﬁeld near the interface crack tip is dominated by a singularity of power law. The singularity order is dependent
on relevant material constants of two ceramics. The eﬀects caused by the variation of individual material con-
stants on the ﬁeld intensity factors are examined, and numerical results are presented graphically. Especially,
the electric ﬁeld near the interface crack tip is no longer nonsingular, but singular.Acknowledgements
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